We construct a model of hidden massive vector boson dark matter as a homogeneous coherent oscillation in the entire universe without any dangerous instability. We make use of a particular form of the vector boson coupling to a scalar field through the gauge kinetic function. This scenario may be distinguished from other dark matter models through the observation of statistical anisotropy in the dark matter isocurvature perturbation.
Introduction
Recently there are increasing interests on the ultra-light dark matter (DM) scenario such as axion-like particle or hidden vector boson [1, 2] . These light DM particles are assumed to have extremely tiny coupling to the standard model sector, but still many ideas to detect or constrain such a scenario have been proposed.
One of the issues of the ultra-light DM scenario is to obtain a correct relic abundance of DM. For the case of scalar field, it is well known that the scalar field with mass much smaller than the Hubble scale can develop a homogeneous condensate during inflation and it exhibits a coherent oscillation at some later epoch: the so-called misalignment mechanism. This coherent oscillation acts as a non-relativistic matter and its abundance can fit the observed value of DM density in the present universe. A famous example is the QCD axion [3] [4] [5] [6] [7] , but more broad class of axion-like particles are also considered [1, 2] .
The case of hidden vector boson is more involved, since a free massive vector boson cannot have a homogenous condensate during inflation, as briefly reviewed in the next section. Instead, people often consider other production mechanisms of hidden vector boson DM: production through the h(φ)F µν F µν coupling [8] [9] [10] where h(φ) is some function of a scalar field φ, F µν and F µν are the field strength of the vector boson and its dual, respectively, production from the h(φ)F µν F µν coupling [11] and also purely gravitational production during and at the end of inflation [12, 13] . They can yield right amount of vector DM, some of which make ultra-light vector boson possible DM candidate, although none of these are related with the "coherent oscillation" of vector boson.
#1
The vector coherent oscillation as (ultra-light) DM was considered in Refs. [2, 14] although there is a flaw in their mechanism. In Refs. [2, 14] the vector boson A µ coupling to the Ricci curvature R is introduced in the Lagrangian as L ∼ (1/12)RA µ A µ to cancel the effective Hubble mass term and make vector boson effectively massless. However, such a coupling necessarily induces a ghost instability for the longitudinal vector mode [15] [16] [17] [18] . The roles of RA µ A µ coupling have been considered in the context of magnetogenesis [19] and the vector curvaton [20] [21] [22] , although all of these attempts eventually suffer from the serious ghost instability.
The main purpose of this paper is to make a consistent model for a vector coherent oscillation. To this end, we borrow the idea of the vector curvaton scenario utilizing the kinetic coupling of the form f 2 (φ)F µν F µν [23] [24] [25] [26] , which does not suffer from serious instability. By assuming some specific time dependence of f (φ), it is possible that the vector field develops a homogeneous condensate during inflation and it begins a coherent oscillation at later epoch, similarly to the scalar field coherent oscillation.
In Sec. 2 we briefly review why a free massive vector boson cannot develop a homogeneous condensate during inflation and a problem of introducing the RA µ A µ coupling. In Sec. 3 we give a detailed study of the model with f 2 (φ)F µν F µν coupling. After discussing the dynamics of the homogeneous condensate, we give analysis of the fluctuation. In particular, the statistically anisotropic DM isocurvature perturbation can be a unique signal of this vector DM scenario. Sec. 4 is devoted to conclusions and discussion.
2 Free massive vector field and its extension
Action
The action of the massive vector field A M is given by
where M P denotes the reduced Planck scale, R the Ricci scalar,
and we assume the Friedmann-Robertson-Walker metric:
with a(t) being the cosmic scale factor. In this paper we only consider the Einstein gravity and hence we omit the Einsten-Hilbert term in the action in what follows. It is often #1 In this paper, only the oscillation of the homogenous condensate in the entire universe is called as coherent oscillation.
#2 Note that
convenient to use the conformal time dτ = dt/a and rewrite the action as
where η µν = diag(−1, 1, 1, 1) and we defined
In what follows, tensors with greek superscript are understood as those raised by η µν . This form makes the conformal nature of the vector boson clear: the metric dependence completely disappears in the massless limit m → 0. The vector boson mass term arises either by the Higgs mechanism or the Stuckelberg mechanism. In the former case, as far as the radial component of the Higgs field is heavy enough, all the phenomenology is indistinguishable from the latter one.
The equation of motion is
Here
where = ∂/∂τ = a∂/∂t. There is no gauge invariance for the massive vector boson and it is not allowed to impose arbitrary gauge condition, but the condition D M A M = 0 is automatically satisfied with D M being the covariant derivative.
In the Fourier space, defining
with A µ ( k, τ ) = A * µ (− k, τ ), one can explicitly solve the constraint equation for A 0 (5) as
Here the vector boson is decomposed into the transverse and longitudinal ones A = A T +kA L wherek ≡ k/k and the transverse mode satisfies k · A T = 0. The action for the transverse and longitudinal mode is given as
#3 For notational simplicity we use the same character for the vector field in the position space A µ (τ, x)
and momentum space A µ ( k, τ ). We believe that which one is used is clear in the context and this does not lead to any confusion.
Zero mode dynamics
For spatially homogeneous case A µ (t, x) = A µ (t), the constraint equation (5) just gives A 0 = 0. Then the equation of motion gives
where the dot denotes the derivative with respect to t and H ≡ȧ/a is the Hubble parameter. Later we also use the conformal Hubble parameter H ≡ a /a = aH. This has an oscillating solution like A i ∝ a −1/2 (t) cos(mt) for m H. For H m, it clearly has a solution A i const. However, it does not mean a homogeneous condensate can be formed during inflation, since the energy density decreases as ρ ∝ a −2 even if A i = const (see Sec. 3.2). It is related to the fact that A i should be regarded as a "comoving" field rather than a physical field, as seen below.
Here it may be worth mentioning that A i is regarded as a "comoving field" while A i ≡ A i /a as a "physical" field. One can understand this terminology by looking at the kinetic (time derivative) term in the action as
where we have defined physical coordinate d X ≡ ad x. Thus A i is canonical in the comoving coordinate (τ, x) while A i is canonical in the physical coordinate (t, X).
In terms of the "physical" field A i , the equation of motion is expressed as
Note that the Ricci curvature is expressed as R = 6(2H 2 +Ḣ). Thus it exhibits a similar equation as a scalar field. For m H, it has an oscillating solution like A i ∝ a −3/2 (t) cos(mt). For m H, due to the mass term of 2H 2 one cannot have a solution like A i ∼ const. Even if we start with some finite value of A i during or before inflation, it is exponentially damped during inflation and we end up with practically vanishing A i after inflation. This is the reason why we cannot have a homogeneous vector condensate in a theory of simple massive vector field. 
Extension and instability
The observation in the previous subsection may lead us to introduce a curvature coupling
#4 Ref. [27] missed the Hubble mass term in the equation of motion and incorrectly derived coherent oscillation of a free massive vector field. 
For ξ = 1/6 one obtains a vanishing Hubble-induced mass term and the equation becomes the same as a minimal massive scalar field. Thus one may have a solution like A i = const during inflation and hence the vector coherent oscillation occurs at some epoch after inflation. This curvature coupling of the vector field was considered in the context of magnetogenesis [19] , vector curvaton [20] [21] [22] and hidden photon DM as a coherent oscillation [2, 14] . However, this scenario suffers from the ghost instability [15] [16] [17] [18] . It is easy to see that the kinetic term of the longitudinal mode (11) has a wrong sign in the short wavelength limit after the replacement m 2 → m 2 − ξR, since one must have m 2 − ξR < 0 in order to have a solution like A i = const. In the Higgs picture, the appearance of ghost instability may be understood as an existence of the Higgs kinetic term with a wrong sign in order to obtain a tachyonic mass for the vector boson. Although small k ( aH) modes do not have ghost instability, they must be well inside the horizon (k aH) as time goes back, hence they originate from the ghost regime. It could be healthy if the time scale of the ghost instability is much longer than the Hubble time scale, although it is improbable [28] . Thus it is safe to say that we cannot discuss the vector field dynamics in a healthy way. The situation is more or less the same for other extensions to modify the "potential" of the vector field in order to cancel the Hubble mass term somehow [29] .
3 Massive vector field with kinetic function
Action
Let us consider the action of massive vector field with kinetic function f (φ) which is dependent on some scalar field φ:
The equation of motion reads
which give
Repeating the same procedure as the previous section, we obtain the action in the Fourier space for the transverse and longitudinal mode as follows:
Explicit calculation shows
Thus the difference between transverse and longitudinal mode appears in the second term of this expression.
Energy momentum tensor
Before going into the analysis of the dynamics, we give en expression for the energy momentum tensor for later use. The energy momentum tensor is defined as
For the spatially homogeneous case A µ (t, x) = A µ (t) (A 0 = 0 in this case), we have
where we have defined a "physical" field A i ≡ f A i /a. Let us take a coordinate such that A i = (0, 0, A z ) without loss of generality. Then we have T 0i = 0 and T ij = 0 for i = j. For diagonal components, we obtain
In the deep oscillating regime m/f H and f const, we have T xx = T yy = T zz = 0 after the oscillation average, implying the zero pressure. Thus the coherently oscillating vector field just behaves as non-relativistic matter and does not induce anisotropic expansion. On the other hand, if the vector condensate during its slow-roll phase is a dominant or substantial component of the universe, it induces anisotropic expansion. In our scenario studied below, the vector boson begins a coherent oscillation well before it dominates the universe, and hence the isotropy of the universe is not affected by the vector background.
By using the equation of motion (37), we obtain the energy conservation law aṡ
where
where in the second expression of ρ
we have substituted f 2 ∝ a α . In the deep oscillation regime, we have f = const and ρ
A , henceρ A = −3Hρ A , as it should be. Including the fluctuation, the energy density is expressed as
Zero mode dynamics
First we study the evolution of the zero mode. Assuming A µ (t, x) = A µ (t) and φ(t, x) = φ(t), we immediately find that A 0 = 0 from the constraint equation (20) . In terms of the physical field A i = f A i /a, we find
It obtains an additional effective mass term from the time dependence of the kinetic function f . Now we assume f 2 ∝ a α (t) with constant α during inflation and finally it approaches to f → 1 around the end of inflation. Later we will show an example to realize this scaling by the scalar dynamics. Then the equation of motion becomes
Thus choosing α = 2 or α = −4 results in the vanishing Hubble induced mass term and renders A i effectively massless during inflation, assuming m/f H always holds during inflation [24] . In such a case, the dynamics of the homogeneous vector condensate A i resembles that of the minimal scalar field and A i can remain constant during inflation.
#5
Here are several comments. For α = −4, the kinetic function f 2 ∝ a −4 is an exponentially decreasing function during inflation. It means that f is exponentially large as time goes back. One might worry about the backreaction to the scalar field dynamics due to the coupling f 2 FF, but actually it is often safely neglected. Let us suppose that φ is an inflaton with its scalar potential V (φ). As we have shown above,
In order for this term not to affect the inflaton dynamics,
This condition is rewritten as
where A (in) is a constant value of A i during inflation, r is the tensor-to-scalar ratio and H inf is the Hubble scale during inflation [33] . #6 Since H inf is bounded as H inf 10 14 GeV from the non-observation of B-mode polarization [41] , it gives an upper bound on the initial vector amplitude A i . As we will see later in Sec. 3.4, the constraint from DM isocurvature perturbation gives a similar upper bound.
For α = 2, the kinetic function f 2 ∝ a 2 is an exponentially increasing function during inflation. Thus f is exponentially small as time goes back, which means that the theory is in a strongly coupled regime since f is roughly an inverse of the gauge coupling. In a pure U(1) gauge theory without any U(1) charged field, however, there is no gauge coupling in the action and it may not cause any problem. On the other hand, since we need m/f H #5 For α < −4, A i increases during inflation. At some point the backreaction of the vector boson to the inflaton becomes important, and it may lead to a scenario of so-called anisotropic inflation [30] [31] [32] . We do not pursue this possibility further in this paper.
#6 A similar kinetic coupling of the electromagnetic field is often considered in the context of inflationary magnetogenesis [34] [35] [36] [37] , but it is known that models producing an observed amount of magnetic field suffer from the backreaction problem [38] [39] [40] . In the magnetogenesis context it should be noticed that the magnetic field B is not generated from the homogeneous A since B = ∇ × A and hence the power spectrum of the magnetic field is strongly blue. In order to obtain the magnetic field in the Mpc scale, one needs huge amount of total magnetic energy or strongly red spectrum, which yield too large backreaction to the scalar field.
during inflation, we require at least m e −50 H inf ∼ 10 −22 H inf = 10 eV H inf 10 14 GeV .
Thus in this case the vector boson must be very light.
#7
We give one concrete example to realize a required time dependence f 2 (φ) ∝ a α [42] . Let us suppose that φ is an inflaton with power law potential V (φ) ∼ λφ n . The standard slow-roll inflaton dynamics gives φ 2 ∼ 2nN e M 2 P with N e being the e-folding number towards the end of inflation. Thus the choice of the kinetic function
where a end denotes the scale factor at the end of inflation and we obtain the required scaling by taking c = −α/(2n). After inflation it smoothly connects to f → 1. Although a monomial inflaton potential is disfavored by the observation of the cosmic microwave background [41] , a slight modification makes the prediction of density perturbation consistent with observations [43] [44] [45] . Note also that α needs not be exactly equal to −4 or 2 for our scenario to work. What we actually need is to make the effective mass term in the equation of motion (37) smaller than ∼ H 2 during inflation. Although we focus on the case of α = −4 or 2 hereafter, we can have a similar vector dynamics for more broad value of α. Now let us estimate the abundance of the vector coherent oscillation. As shown above, A i remains constant during inflation for α = −4 or 2 and we take the initial value just as a free parameter and denote by A (in) . #8 We also assume that f = 1 after inflation and introduce an equation of state parameter w until the end of the reheating, such thaṫ
For a monomial power law inflaton potential V ∝ φ n , it is given by w = (n − 2)/(n + 2). The equation of motion of the zero mode after inflation then becomes
Neglecting m 2 term, the solution looks like
#7 For this reason, the case of α = 2 with constant mass m was not taken seriously in the vector curvaton context since such a light curvaton is unlikely to decay before Big-Bang nucleosynthesis [23] . In our case, the vector field needs not decay (actually it must not decay for it to be DM) and hence we do not discard this possibility.
#8 See Ref. [46] for a scenario that the value of A i is determined by the balance between the quantum fluctuation and the classical dynamics.
with some numerical constants C 1 and C 2 . Starting from the initial value A (in) during inflation, which is just taken as a free parameter, A i evolves according to C 1 term solution or C 2 term solution of (44) 
where H R denotes the Hubble scale at the end of reheating. If, on the other hand, the C 2 term solution of (44) applies, we would have
assuming A i ∼ const after the completion of reheating. In particular, we can have = 1 for w = 1/3. Notice that the vector boson energy density is dominated by ρ 
where g * denotes the relativistic degrees of freedom at the reheating. Depending on the choice of vector boson mass and the initial condition, we can have a right amount of vector coherent oscillation DM: ρ DM /s ∼ 4 × 10 −10 GeV. In particular, a consistent scenario for an ultra-light vector DM such as m 10 −20 eV appears. We performed numerical calculation to check the behavior of a vector condensate during and after inflation before the vector boson starts to oscillate. We solved equation of motion of A i (37) with a concrete form of the kinetic function (41) with c = −α/(2n), along with the equation of motion of the inflaton including its decay into the radiation with a decay width Γ φ :φ
#9 We assume that the reheating is completed before reaching H = m since we are mainly interested in the very light DM scenario. It is justified for m T 2 R /M P with T R being the reheating temperature. Fig. 1 . The left panel shows the background evolution of inflaton energy density ρ φ and radiation energy density ρ rad normalized by the initial inflaton energy density ρ (in) . We have taken φ = 15M P at the beginning of numerical calculation. The inflaton decay rate is taken to be Γ φ = 3 × 10 −3 m φ . The presence of radiation during inflation is an artifact of constant Γ φ during and after inflation. The right panel shows time evolution of physical homogeneous vector field A i , normalized by its initial value A (in) , for different values of α. It is seen that A i exponentially decays for α = −4 or 2. For α = −4, the field value is constant during inflation as expected and there is a small increase around the end of inflation. This is because the effective mass square in (37) temporally becomes negative during the first half inflaton oscillation. After that, the oscillation averaged mass square becomes positive as given in (42) . It is checked that during the inflaton matter domination A i ∝ a −1/2 and during the radiation domination A i ∼ const, corresponding to the C 2 term solution of (44) . Thus is evaluated by (46) in this case. For α = 2, the field value is constant during inflation as expected but after inflation it connects to the C 1 term solution of (44) . Thus A i decreases as A i ∝ a −1 in the radiation dominated era and is evaluated by (45).
Isocurvature fluctuation
In this scenario, DM is not generated from the inflaton decay products and hence one must be careful about the constraint from the isocurvature fluctuation of DM. The action of the transverse mode (25) is written as
after substituting f 2 ∝ a α with α = −4 or 2 during inflation. Assuming m/f H, this action is the same as the light minimal scalar field and hence the generation and evolution of the fluctuations are also the same.
#10 As is well known in the context of a scalar curvaton [47] [48] [49] , the power spectrum is nearly scale invariant. Thus the power spectrum of the transverse fluctuations is given by
Noting that A T 2 ( x) d ln k P T (k), P T (k) denotes the typical amplitude of the transverse fluctuation with wavenumber k. We have ignored a small scale dependence due to a slight change of the Hubble parameter during inflation.
Next let us consider the longitudinal mode. The longitudinal mode action (26) is written as
after substituting f 2 ∝ a α with α = −4 during inflation, while
after substituting f 2 ∝ a α with α = 2 during inflation. For α = 2, the longitudinal mode action is the same as the transverse mode and hence we obtain the same longitudinal power spectrum as the transverse one. For α = −4, there is an additional term proportional to H 2 . Although this additional term is much smaller than the −2H 2 term except for a small time interval around which k/a ∼ m/f , one should be careful about the evolution across this intermediate epoch. As shown in App. A, the growing mode at k/a m/f connects to the decaying mode at k/a m/f . As a result, the power spectrum of the longitudinal fluctuation is given as
#10 To be precise, it is the same as the minimal scalar χ after the rescaling χ → aχ. Recalling that it is A c T /a that may be regarded as a "physical" field, we can understand the correspondence between χ and A c T /a.
The power spectrum is strongly blue tilted for α = −4 and hence the longitudinal fluctuation is negligibly small compared with the transverse mode on the present cosmological scale. For α = 2, the transverse and longitudinal modes have comparable power at all the observable scale. In both cases, the evolution of the long wavelength mode after inflation is the same as the zero mode, and hence we have the density fluctuation of the vector DM as
Since the vector fluctuation is independent of the inflaton fluctuation, their density fluctuation result in the DM isocurvature fluctuation, which is severely constrained from the cosmological observation. Let ζ( x) be the curvature perturbation on the uniform-density time slice δρ total ( x) = 0 [50] . We also define ζ DM ( x) by the curvature perturbation on the slice where δρ A ( x) = 0 and
where ∆N is the e-folding number from the uniform-density slice to the δρ A ( x) = 0 slice and δρ A in the most right hand side is evaluated on the uniform-density slice. The non-linear DM isocurvature perturbation is defined by [51] [52] [53] 
In our scenario it is nearly scale invariant and it is constrained as S DM 9 × 10 −6 for uncorrelated DM isocurvature perturbation [41] . Remarkably this gives a similar constraint to (39) for α = −4. Note that the Planck constraint [41] is derived by assuming that the DM isocurvature perturbation is statistically isotropic, but in our case it is anisotropic as we see below. Taking account of the statistical anisotropy, the constraint may change but it does not affect our order-of-magnitude estimate. Now we point out that the DM isocurvature fluctuation in our scenario may be statistically anisotropic. It is expanded in terms of the vector field fluctuation as
By using the following decomposition [22] 
we find the dimensionless power spectrum of the DM isocurvature fluctuation as
The first term is the isotropic component of the DM isocurvature perturbation and g S (k) = (P L (k) − P T (k))/P T (k) measures the size of statistical anisotropy of the DM isocurvature perturbation. As shown above, the longitudinal power is negligibly small at large scale for α = −4, which means that DM isocurvature fluctuation is dominantly anisotropic (g S (k) −1). Moreover, one can have a blue-tilted isocurvature power spectrum by assuming a time-dependent mass term m ∝ a β (t) with some constant β during inflation as extensively studied in the context of vector curvaton [23] [24] [25] and also shown in App. B, which may enhance the chance to detect isocurvature fluctuation at relatively small scale.
#11 This statistically anisotropic DM isocurvature fluctuation can be a unique signal to distinguish vector coherent oscillation DM from other DM candidates. 
Discussion
In this paper we constructed a model of hidden massive vector DM as a homogeneous coherent oscillation. We introduced a scalar dependent gauge kinetic function f 2 (φ) in order to break the conformal invariance and to persist a vector field condensate during inflation. Our model does not suffer from neither ghost nor gradient instabilities, while some specific time dependence of the kinetic function is mandatory for this purpose. As a result we obtained a consistent scenario for an ultra-light vector DM as coherent oscillation. The evolution of the long wave fluctuations are also calculated and it is pointed out that the DM isocurvature perturbation has a distinct property that it can be highly statistically anisotropic, which can be a smoking-gun signal of a vector coherent oscillation DM scenario.
#11
In the vector curvaton scenario of Refs. [23] [24] [25] , the curvature perturbation is assumed to be sourced by the vector field, and hence three conditions are required: the (nearly) scale-invariant spectrum, the cancellation of the statistical anisotropy (which implies P T P L at large scale) and decay of the curvaton before Big-Bang nucleosynthesis. For α = −4, the second condition is satisfied for β = 1. For α = 2, although β = 0 satisfies the first and second condition, it is difficult to achieve the last condition. All the conditions are satisfied for β = 1. See App. B. Here let us discuss the detection possibility. As we have just mentioned, the discovery of the statistically anisotropic DM isocurvature perturbation could be a unique signal of vector coherent DM. Light vector boson with 10 −20 eV m 10 −11 eV may also induce a superradiance instability of the astrophysical black holes [54] [55] [56] [57] . Observations of spinning black holes can constrain such mass regions. One can also introduce a kinetic mixing of the hidden vector boson to the hypercharge photon,
where κ is a constant and F
(Y )
M N denotes the field strength of the hypercharge photon. This kinetic mixing provides us with lots of phenomenology and opens up a possibility to detect it through terrestrial experiments [1, 2, [58] [59] [60] [61] [62] [63] [64] . Note that the effective kinetic mixing parameter is rather given by κ eff ≡ κ/f (φ) during inflation. For α = −4, κ eff becomes smaller at earlier epoch. For α = 2, it becomes larger and larger for earlier epoch hence it may enter a strong couple regime. To avoid this, one can also assume time dependent κ by regarding it as a function of some scalar field as κ(φ).
Finally we mention other possibilities to have a homogeneous vector condensate. Actually in the context of inflaionary model building it is known that there are several situations where the vector condensate plays a crucial role. In a so-called gauge-flation scenario [32, 65, 66] , hidden SU(2) gauge fields obtain homogeneous field values causing inflation while the three gauge bosons are aligned with the (x, y, z) direction respectively so that the isotropic expansion of the universe is retained. A crucial difference between U(1) and non-Abelian gauge boson is that the latter necessarily has self interactions without violating gauge invariance, which may serve as a potential of the gauge field, and also one can introduce a term like
2 to modify the kinetic term of the background homogeneous gauge boson. Such an idea may be used to construct a consistent model of vector coherent oscillation DM, although the gauge coupling constant should be extremely small to satisfy the bound on the DM self interaction for an ultra-light DM. Another scenario is a so-called anisotropic inflation [30] [31] [32] . In this scenario gauge kinetic function of f 2 (φ)F M N F M N is introduced and the homogeneous vector field is supported by the time dependence of f , similar to our DM scenario, while it backreacts to the inflaton dynamics so that it has another slow-roll anisotropic inflation phase. As briefly mentioned in Sec. 3.3, this may corresponds to the case α < −4 and it might be interesting to pursue this possibility as a mechanism to create vector coherent oscillation DM. 
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A Evolution of mode function
In this Appendix we give a solution to the equation of motion derived from the longitudinal mode action for α = −4 (53). Especially we are interested in the evolution across the epoch
where the creation and annihilation operators satisfy
The vacuum state is defined such that a k |0 = 0. Using this mode function, the power spectrum is given by
First, for k/a m/f , the equation is the same as the transverse mode, which is nothing but a minimally coupled scalar as already mentioned in the main text. Taking the BunchDavies boundary condition in the short wavelength limit [67] , we have
where H
3/2 (z) denotes the Hankel function of the first kind. Thus in the superhorizon regime A c L starts with the growing solution ∝ a. Recall that the physical field is A c L /a, which remains constant in this regime and hence the physical energy density also remains constant.
Next let us consider the evolution across the epoch of k/a ∼ m/f . By using τ = −1/(aH inf ) during inflation, the equation of motion for the superhorizon mode k/a H inf and for m/f H inf is written in the form of
Here τ < τ * and τ > τ * correspond to k/a < m/f and k/a > m/f , respectively. One easily finds that in both the regime τ τ * and τ τ * , a solution looks like
with some constants C 1 and C 2 . Thus one may naively expect that the growing solution at τ τ * smoothly connects to the growing solution at τ τ * . This is not true, however. The exact solution is given by 
with some constants C 1 and C 2 . One sees that the C 1 term connects the initial growing solution to the final decaying solution and C 2 term connects the initial decaying solution to the final growing solution. Since we already obtained a growing solution at m/f k, we end up with the decaying solution.
Therefore, at the end of inflation, the power spectrum for k a end m is given as 
where a * denotes the scale factor at k/a = m/f and we have taken f = 1 at the end of inflation. Thus the power spectrum is strongly blue tilted. At the observable scale, i.e. present cosmological scale, the longitudinal fluctuation is negligibly small compared with the transverse mode.
B Varying mass term
In this Appendix we mention the case of time-dependent vector boson mass term m(t) ∝ a β (t) with some constant β during inflation. For simplicity we assume m approaches to m 0 at the end of inflation and it remains constant thereafter. This possibility was considered in the context of vector curvaton [23] [24] [25] and it is worth mentioning how their results and ours are related. The zero mode dynamics is not affected by the time dependence of the mass term as far as m/f H is satisfied during inflation. Similarly, the transverse mode action (25) 
where we have assumed inflationary epoch during which a /a = 2H 2 . The limiting form in the short and long wavelength limit is given by 
In our model studied in the main text, β = 0 and α = −4 or 2 are assumed and we have g /g → 2H 2 in the both limit. In the vector curvaton model studied in Ref. [24] , on the other hand, it is assumed that β = 1 with α = −4 or 2. In this case, we have 
The unusual growing solution in the intermediate regime at m/f k/a H modifies the resulting spectrum of the fluctuation. As noted in App. A, it is non-trivial whether the mode function finally enters the growing solution (∝ a) or decaying solution (∝ a −2 ). If the growing solution applies, which is actually the case for α = 2, the superhorizon spectrum 
